A mathematical study of the transport of auxin  by Martin, M.H.
‘Morhemoric:l ModeNing, Vol 1. pp. 141-166, 1980 
Printed in the USA. AU rights reserved. 
027(u1255/80/0H)141-26502.0010 
Copyright 0 1980 Pcrgdmon Plrss Ltd. 
A MATHEMATICAL STUDY OF 
THE TRANSPORT OF AUXIN 
M. H. MARTIN 
Institute for Physical Science and Technology 
University of Maryland 
College Park, MD 20742, USA 
Communicated by S. A. Levine 
(Received October 1979) 
Abstract-Starting with the one-dimensional equation of diffusion (Fick’s equation) and 
the law governing transport across a membrane, the concentrations of auxin in the 
walk of n cells forming a linear array are expressed as infinite series in the time t for 
several stipulations of the concentration of auxin at the two ends of the array. Sur- 
prisingly the structure of these series depends on whether n is prime or composite. 
Complex variable theory, the Laplace transform and Tschebycheff polynomials all find 
a place in the study. 
1. INTRODUCTION 
“Auxin transport plays a major regulatory role throughout the growth and development 
of plants.*” A highly idealized version of the complex process carried out by a plant in 
its transport of auxin yields a mathematical problem that may best be explained with the 
aid of Fig. 1. 
Here we have a linear array of n cells (only three are shown) forming a cylindrical 
tube extending from left to right. If x denotes the distance measured from left to right 
along the tube from some fixed point and t the time, our problem is to determine the 
concentration C of auxin as a function of x, t, any transverse variation of C being 
disregarded. Each cell consists of a vacuole bordered on each end by a disc of cytoplasm 
(the dotted strips) and separated by walls (the hatched strips). The boundaries between 
these compartments are very thin, permeable lipoprotein membranes. As indicated in the 
figure, the vacuoles are assumed to be of length 1, while the walls and discs of cytoplasm 
are assumed to be of width h with h < 1. 
Within a vacuole C is assumed to be governed by Fick’s equation [41 
C, = DC,,, D = const. (1.1) 
(also known as the heat equation). Assuming that h is very small, the variation of C with 
x in a disc of cytoplasm or in a wall is neglected, so C varies only with t. Thus C1, C3, 
C,, C5, C7, C8, C9, C,, are functions of r only. The concentrations Cz, C;, C6, CB, Cl,,, 
CI,, at the ends of the vacuoles are likewise functions of t only. The mass flux &f of auxin 
* Mary Helen M. Goldsmith, The polar transport of auxin. Ann. Rev. Plant Physid. 28, 439-478 (1977). 
in particular p. 440. 1 am indebted to her and Timothy H. Goldsmith for suggesting this problem to me and for 
many helpful conversations about it during the preparation of this manuscript. 
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Fig. 1. Linear array of cells. 
per unit area across a boundary is assumed proportional to the difference in concentra- 
tions on the two sides of the boundary, e.g., 
the constants of proportionality ai being positive and of period 4 in i, as indicated in Fig. 
1. According to the theory of diffusion, the concentration gradient C, at the ends of the 
vacuoles is given by 
DC, = al(Cz - Cd, DC, = az(Ca - C;), (1.3) 
DC, = a,(C6 - C,), DC, = c+(C, - C;), 
DC, = al(Clo - Co), DC, = a2(Cl, - C;O>. 
The initial and boundary conditions of the problem are tailored to match the experi- 
ments carried out in the laboratory. Assuming that we have a linear array of n cells, 
initially all concentrations with the exception of Co, Cln are zero. These are assigned 
functions of t. We shall consider two problems: 
I. Co, C,, both constant. 
II. C, = const. for 0 S I S t,, and thereafter 0. Cgn = const. 
Problem II reflects a laboratory experiment in which an agar block impregnated with 
auxin is placed briefly in contact with the cell on the left and then removed. Our aim is 
to find the concentration in the walls in Problems I and II, for these provide a profile of 
the concentrations throughout the linear array. 
The chief tool is the Laplace transform and early in section 2 we introduce Lapface 
concentrations. These are Laplace transforms of actual concentrations, i.e., correspond- 
ing to a concentration C(r), the Laplace concentration c(s) is 
oc 
c(s) = e+C(t)dt. 
In this section we obtain relations between triples coclcZ, c;c3c4, c3cqc5 of adjacent Laplace 
concentrations. 
In section 3 we obtain relations between clcZc; and between c&c3 which could serve 
to express the Laplace concentrations at the ends of a vacuole in terms of the Laplace 
concentrations in the adjacent cytoplasm. 
The Laplace concentrations at the ends of a vacuole and adjacent cytoplasm in any 
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cell is expressed in terms of the Laplace concentrations in the walls of the cell on the left 
and on the right in section 4. 
Laplace concentrations in the walls are studied in section 5. Denoting the Laplace 
concentration in the rth wall by wjr, they are found to satisfy the difference equation 
w, = K(W,+ + w,,,), r = 1,2, . ..) 
where K, a function of s, is defined in (5.4). The Laplace concentrations wl, . . . w~_~ in 
the inner walls are shown in Theorem 5.1 to be linear combinations 
Wm = a,w, + b,,,wnr m = 1, . . . . n - 1, 
of the outside Laplace concentrations w,,, w,. Here 
B- - &-I 
a, = K m z, b, = K”-m _ 
6-l h-1 
where the B, are polynomials in K defined by the recurrence relations 
B, = B, = 1, B, = B,_, - K2B,_2, r = 2,3, . . . 
A new application for the Tschebyscheff polynomials U,(x) appears in section 6, for 
we find 
1 
B,(K) = K” V, - , 0 K 
from which alternate expressions (6.7), (6.8) for a,,,, b, as functions of K are derived. 
The coefficients a,,,, b, are studied as functions of s in section 7. They turn out to be 
meromorphic functions of s with all their poles, at least for sufficiently small h, on the 
negative real axis. The section concludes with Theorem 7.2, in which order relations are 
obtained for a,,,, b, as s + CQ in preparation for the use of the inverse Laplace transform 
in section 8 to obtain the actual concentrations in the walls from their Laplace concen- 
trations. 
The solution to Problem I, in so far as the concentrations in the walls are concerned, 
is given in Theorem 8.1 for sufficiently small h and in Theorem 8.2 for h = 0, the latter 
solution being more readily calculated than the former and serving as an approximation 
to it. Note that the nature of the solution varies according as n is prime or composite. 
In conclusion we show how the solution to Problem I may be used to solve Problem 
II. 
2. CONCENTRATIONS IN THE CYTOPLASM AND IN THE WALLS 
In this section we show how the concentration of auxin in a disc of cytoplasm, or in 
a wall, can be calculated from the concentrations bordering it. Let us see how C, may 
be calculated from Co, C,. 
For simplicity let us assume that the tube has unit cross-sectional area so that the mass 
M, of auxin in the disc of cytoplasm is 
M, = hC1, 
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so that the rate ni, at which M, is changing with respect to the time t is 
On the other hand ni, equals the mass flux into the disc on the left diminished by the 
mass flux out of the disc on the right, to yield 
ti, = (Yg(C+ - C,) - cu, (Cl - Cd. 
Equating the two expressions for ni 1, we obtain after simple reductions the differential 
equation 
Taking Laplace transforms under the initial condition C,(O) = 0, one finds 
aoco + %C2 
Cl = 
a0 + aI + hs' 
(2.1) 
(2.2) 
the lower case letters co, cl, c2 denoting the Laplace transforms of Co, C1, Cz, respectively. 
From now on the Laplace transform of a concentration will be referred to as a Laplace 
concentration. With appropriate changes in notation (2.2) can be used to relate other 
triples of adjacent Laplace concentrations in the tube. For example the Laplace concen- 
tration ci, c3, c4 are related by 
e?c; + %C4 
c3 = 
a2 + a3 + hs’ 
and those of the triple c3, g4, c5 by 
ff3c3 + aoc5 
c4 = 
a3 + a0 + hs’ 
(2.3) 
(2.4) 
two formulas which we shall need subsequently. 
3. CONCENTRATIONS AT THE ENDS OF A VACUOLE 
AND IN THE ADJACENT CYTOPLASM 
First we secure two relations connecting the Laplace concentrations and their gradients 
at the ends of a vacuole. 
The Laplace transform on t of Fick’s equation (1.1) under the initial condition 
C(x,O) = 0 is the ordinary differential equation 
CT, -&=o. D (3.1) 
where as before c denotes the Laplace transform on t of C. The general solution of (3.1) 
is 
c = A cash (3.2) 
A mathematical study of the transport of auxin 145 
where A, B denote arbitrary constants. The gradient of the Laplace concentration is 
c,=&[Asinh&x+Bcosh&x]. (3.3) 
Suppose the ends of the vacuole lie at x = a and x = b with a < b. Using (3.2), (3.3) 
we shall obtain the two relations mentioned above connecting the values of c, c, at x = 
u with their values at x = b. 
Placing x = a and x = b in (3.2), (3.3), we obtain 
A cash $ ;o+Bsinh&=c(o),$[Asinh&+Bcosh&] =~,(a), 
A cash 
where 
Solving the equations in the first column for A, B and substituting 
second column gives the two relations desired 
-cash 6. c(a) + c(b) = sinh k& . c,(a), 
-c(a) + cash k& . c(b) = 
J 
f sinh k6 . cdb), 
k=&, - l=b-a. 
1 and write Consider the first vacuole in Fig. 
c(b) = c;, c,(b) = 2, 
so that (3.4) is replaced by 
-cash k& . c2 + c; = 
-c2 + cash k& . c; = 
the results in the 
(3.4) 
(3.5) 
(3.6) 
(3.4’) 
Recalling the expressions in (1.3) for the concentration gradients at the ends of the vac- 
uoles, we have 
0 2 = q(C, - C,), D z = cy2(C3 - c;). 
Passing to Laplace transforms we obtain 
D2 = a,(~ - c,), D$ = %2(G3 - CL47 
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and when these are used to eliminate &/ax, &$/ax from (3.4’), we obtain after some 
obvious simplifications 
(cash k& + -!&- sinh k&h - cl - - sinh kh . c, = 0, 
s 
-c2 + (cash k& + * sinh k&)c; - cu, sinh kV% * cg = 0. 
v5 6 
(3.7) 
These equations tie together the Laplace concentrations at the ends of a vacuole with 
the Laplace concentrations in the adjacent cytoplasm. Although these relations apply 
only to the first vacuole, relations valid for any vacuole may be obtained by increasing 
the subscripts on the Laplace concentrations by multiples of 4. 
4. CONCENTRATIONS AT THE ENDS OF A VACUOLE, 
ADJACENT CYTOPLASM AND WALLS 
When (2.2), (2.3) are used to eliminate 
are solved for c2, c;, we obtain 
c, = 2 (cash k& + Ai sinh k&h + 2 c4, (4.1) 
cl, cg from (3.7), and the resulting equations 
c; = 2 c,, + 2 (cash kfi + AZ sinh k&)c,, 
where 
%(% + hs) 
Ao = 6 (a(yTa, + hs)’ A2 = \/Ds (a0 + a1 + hs)’ 
cu,(a, + hs) eza3 
Ai = l/Es (a2 + a3 + hs)’ A4 = \/Ds (a2 + a3 + hs)’ 
(4.2) 
and 
A = (A, + Al) cash k& + (1 + A,A;) sinh kfi. (4.3) 
Equations (4.1) express c2, c; as linear combinations of co, c4. To obtain cl. c3 as linear 
combinations of cO, c4 we use (4.1) to eliminate c2, c; from (2.2), (2.3). One finds in this 
way 
cxo[(--&+A;) cash kfi + 1 + ( *A;] sinhkd] 
c, = 
(a0 + (Ye + hs)A co 
(4.4) 
+ ((110 + 
(~1 A4 
a, + hs)A “’ 
” = (cyz + a3 + hs)A Co 
+a3[(%+&) coshk\/s+(l +-&A2) sinhk&] 
(a2 + a3 + hs)A 
c4. 
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Formulas (4. I), (4.4) express the Laplace concentrations at the ends of the first vacuole 
and in the adjacent cytoplasm as linear combinations of the Laplace concentrations out- 
side on the left and in the wall on the right. By increasing the subscripts on the Laplace 
concentrations in (4.1), (4.4) by 4 we obtain expressions for the Laplace concentrations 
at the ends of the second vacuole and adjacent cytoplasm in terms of the Laplace con- 
centrations in the walls on the left and on the right. Continuing in this way we can express 
the stated Laplace concentrations inside any cell in terms of the Laplace concentrations 
in the walls of the cell, except for the last cell when the Laplace concentration in the 
wall on the right is replaced by the Laplace concentration outside. The Laplace concen- 
trations in the walls are therefore the keys to the determination of the Laplace concen- 
trations at the ends of the vacuoles and adjacent cytoplasm throughout the linear array 
of cells. 
5. LAPLACE CONCENTRATIONS IN THE WALLS 
In the previous section we saw that the Laplace concentrations q, c,, c;, c3 were linear 
combinations of the Laplace concentrations c,,, c,. Specifically we found that 
Cl = UlCO + &Cd, cz = azco + b2c4, 
(5.1) 
c2 ’ = a;co + b;c4, c, = u,co + b3cq, 
where 
ao[(-&+ 4) coshkv%+ 1 +- 
a, = 
( &A$ sinhd] (52) 
(a0 + a1 + hs)A 
t 
a, = 2 (cash k6 + A; sinh k&), a.j = 
b1 = (a0 + 
a~ A4 
a1 + hs)A’ 
b2+, b;=% 
, a#&+ AZ) cosh&+( 1 +5 AJ sinh A&] 
Ao do 
-9 
A ” = (~yz + a3 + hs)A’ 
(cash k& + A2 sinh k&), 
D3 = 
(a2 + a3 + hs)A 
with A, Ao, A?, Ai, A4 defined in (4.2), (4.3). Relations (5.1) pertain to the first cell. To 
obtain analogous relations pertaining to the second cell we increase the subscripts on the 
Laplace concentrations in (5.1) by 4 and obtain 
c, = a,c, + b,ca, 
c6 = a2c4 + b2cg, 
c; = a;~ + b;c8, 
(5.3) 
c, = a3c4 + b3c8. 
Let us recall (2.4) which expresses c4 as a linear combination of c3,c5. If we use (5.1), 
(5.3) to eliminate c3, cs from (2.4), one obtains 
c4 = 
wwo + cuob,cs 
a3 + a0 + hs - a3b3 - aoa,’ 
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Thus cq is a linear combination of cO, cg. Substituting 
A, from (4.2), we find 
C4 = K(CO + Cd. 
for a3. b, from (5.2) and for A,, 
(5.4) 
“=V-( 
~Offl%ff3 
Ds a0 + aI + hs)(a, + a3 + hs)(a, + a0 + hs - soul - a&)A 
When a,, & are replaced by their expressions in terms of ‘s, one finds after a rather 
lengthy computation 
PO 
K = 2[P cash k& + v’% Q sinh k&l 
= K(s), PO = 2aoa,%%, (5.5) 
where 
P = PO + P,hs + P,hZs2 + P,h3s3, (5.6) 
Q = Q. + Rob + (Q1 + R,h)hs + (Q2 + R2h)h2s2 + h3s3 
are cubic polynomials in s with 
PO = 2ao%%%, PI = 3(a,%a3 + ao%a3 + cuoq~3 + %%%I, 
P2 = 2(cu@, + aocr, + cu,~ + cu,cx3 + qcr3), P3 = q + a2, 
Qo = ff1~2~3 + ao%a3 + (yoa1a3 -e ~off1~2, 
Q, = a,a, + 2%(y, + 3tq,cu, + a,g + 2a,a, + aa,, 
(5.6’) 
Q, = 2ao + (~1 + (~2 + 2~~3, Ro =$Y_~cx,~x~cx~, 
RI = $w2(% + a3), 
R2 =y. 
By increasing the subscripts on the c’s in (5.4) by multiples of 4 we obtain 
C4r = K(C4r-4 + Cqr+4) r = 1,2, . .., n - 1. 
On writing cqt = +vrr so that w, denotes the Laplace concentration in the rth wall and VV~, 
wn the Laplace concentrations outside, this becomes the difference equation 
W, = K(W,-I + W~+I), r = 1,2, . . . . (5.7) 
Given a fixed positive integer n we shall show how (5.7) may be used to express wIr w2, 
. .., w,-~ in terms of wO, w,. For a linear array of n cells this yields the Laplace concen- 
trations in the inside walls in terms of the Laplace concentrations outside on the left and 
on the right. 
Starting with 
WI = K(Wo + W,), We = K(W, + W3), (5.7’) 
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the second equation is used to eliminate w2 from the first equation, obtaining 
K 2 
Wl 
=-wo+ 1 -dW3. l-t? 
When this is used to eliminate w1 from the second equation, we obtain 
2 K 
% =1-o + 1 -Kzw3, 
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(5.8) 
(5.9) 
For n = 3, Eqs. (5X), (5.9) yield the Laplace concentrations in the inside walls in terms 
of the Laplace concentrations outside. 
For n = 4 we use (5.9) to eliminate w$ from 
W3 = K(W + W4)r 
and obtain 
ril 
w3 = jy-j-Tg wo + 
K(1 - 2) 
1 - 2f? w4. 
(5.10) 
This expresses wg in terms of wo, w4. Inserted in (5.8), (5.9) we obtain wl, wg in terms of 
wo, w4. 
Proceeding step-by-step in this manner for any n we can express the Laplace concen- 
trations wl, wpr . . . , w,_~ in the inside walls in terms of the Laplace concentrations wo, 
w, outside, for which we now seek explicit formulas. 
Equations (5.7’), (5.9), (5.10) express w,_~ in terms of wo, wn for n = 2,3,4. If we 
introduce the polynomials 
Bo = 1, B, = 1, i?* = 1 - I?, B3 = 1 - 22, (5.11) 
these equations may be written 
K” -1 K-2 
WI+1 = - “‘0 + K B,_, 
h-1 
- w,, n = 2,3,4. (5.12) 
To establish that (5.12) also holds for n > 4 we resort to argument by induction. Assuming 
that (5.12) holds for n = r we use it to eliminate w?-~ from (5.7) and find 
K’ &-I 
w, =-Wo+K- 
B, B, 
Wr+19 
i.e., (5.12) holds for n = r + 1, provided we take 
B, = B,_, - tiB,._,, r = 2,3, . . . (5.13) 
Taking B. = B1 = 1, this recursion relation enables us to compute the polynomials B, 
one after the other. One finds in this way that 
B, = 1 - K2, B3 = 1 - 2K2, B4 = 1 - 3K2 + K4, (5.13') 
B5 = 1 - 4K2 + 3K4, Be = 1 - 5K2 + 6K4 - KG,..: . 
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The above results are summed up in the lemma 
LEMMA 5.1. The polynomials B, = B,,(K) being defined by 
B,, = B, = 1, B, = B,_, - 2B,.-*, r = 2,3, . . . . (5.14) 
the Laplace concentration wtl+ in the last wall is expressed in terms of the Laplace 
concentrations wO, w, outside by 
K” -1 &I-* 
wfl-1 n =-W,+K- n W,7 n = 2,3, . . . 
on-1 nI,-1 
We are now in a position to express all the Laplace concentrations wl. w2, .., w,_~ in 
the inner walls in terms of w,,, w,. Let us replace n by n - 1 in (5.15) obtaining 
K” -2 &-3 
Wn-2 =---w,+K2- 
&I B,_, wn’ 
(5.16) 
(5.15) 
provided we use (5.15) to eliminate w,-l and remember (5.13) for r = n - 1. If we recall 
that BO = B1 = 1 the two formulas (5.15), (5.16) may be written 
n--m&l &-,-I 
W,_, = K 
&-I 
Wg + K”’ ~ W 
B,_, n’ 
m = 1,2. (5.17) 
Let us verify that (5.17) is valid also for m = 1, 2, . . ., n - 1 by showing that the w,,_, 
defined by it satisfy (5.7). By direct substitution from (5.17) we find 
K(%-,-I + Wn-m+~) = 
K”-~~(&+/?&_~) w 
K-1 
0 
+ /P(B,,_m + I?&-m-2) w, 
&-1 
If we use (5.13) for r = m, n - m this reduces to 
K(W,_,_I + W,-,+l) = K”-“‘+ 
n 1 
i.e., (5.7) holds for r = n - m. 
If m is replaced by n - m in (5.17), we obtain the theorem 
THEOREM 5.1. The Laplace concentrations w,, . . . . w,-, in the inner walls are linear 
combinations 
W, = a,w, + b,w,, m = 1, . . . . n-l, (5.18) 
of the outside Laplace concentrations, wO, wm, where 
LW, 
a, = K”’ ___ 
B,_, ’ 
b &-1 
m 
= K” -_)!I _ 
Bn-, ’ 
(5.19) 
the polynomials B, = B,,(K) being defined in (5.14) and K in (5.5). 
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Note that 
am = b,-,, b, = a,,+ 
and consequently (5.18) may be replaced by 
Will = a,w, + a,,_,w,. 
Replacing m by n - m in this formula yields 
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(5 20) 
(5.18’) 
wn-m = a,~,, + an-mwor 
which reflects, as might be expected, that the roles of the outside Laplace concentrations, 
w,, w, are reversed in their determination of the Laplace concentrations w,, w,_,. 
6. TSCHEBYSCHEFF POLYNOMIALS AND THE POLYNOMIALS B,&) 
The polynomials 
defined by [5] 
B,,(K) may be identified* with the Tschebyscheff polynomials U,(X) 
U,(x) = 
sin@ + I)0 
sin 0 ’ 
cos 8 = x. 
The polynomials U,(X) are those solutions of the difference equation 
U”(X) - 2xU,_,(x) i- V,_,(x) = 0 (6.2) 
for which 
(6.1) 
U,(x) = 1, U,(x) = 2x, (6.3) 
as may readily be verified from the trigonometric identity 
sin (n + l)@ - 2 cos 0 sin n 8 + sin(n - 1)0 = 0, 
and their definition (6.1). With the aid of (6.2), (6.3) the polynomials U,(x) are readily 
computed in succession. One finds 
U,(x) = 4x2 - 1, U,(x) = 8x3 - 4x, U.,(x) = 16x4 - 12x2 + 1, 
U,(x) = 32x5 - 32x7 + 6x, U,(x) = 64x6 - 80x4 + 24x2 - 1, . . . . 
and in general 
(6.4) 
U,+(x) = (2x)“-’ - (n - 2)(2x)“” + (’ - ‘;; - 4, (2x)“-5 + . . . 
. . . + (_ 1yl (n - P - l)(n - P - 2) ... (n - 2P) (2x)“-*“-’ + . . . . 
P! 
as follows [l] from a well known trigonometric identity for sin n e/sin 8. 
* I am indebted to Professor Cormae Smith for solving the difference equation (5.14) and suggesting the 
connection between the polynomials B.(K) and the Tschebyscheff polynomials, and to Professor Frank Zarzitto 
for an ingenious proof that all the zeros of B”(K) are real. 
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The polynomials B,(K) are related to the polynomials u,(x) by placing 
1 
K=z. 
(6.6) 
This follows at once from the relations 
B,(K) - B,-,(K) + tiBnJ~) = U,(x) - 2XU,,-I(X) + ~,,-i?(x) 1 9 
go(~) = U,(x), B,(K) = F, 
which, from (6.2), (6.3) imply (5.14). Indeed one readily verifies that the polynomials B, 
calculated in (5.13’) may be recalculated from the Tschebyscheff polynomials U, in (6.4) 
with the aid of (6.6). 
These results will now be applied to prove a refinement of Theorem 5.1. 
THEOREM 6.1. The Laplace concentrations wl, . . . . u’,,_, in the inner nlalls are linear 
combinations 
W, = a,w, + b,w,, m=l , . . . . n-l, 
of the outside Laplace concentrations w,,, w,, where a,,,, b,,, can be expressed explicitly 
as functions of K by Tschebyscheff polynomials in I/~K 
a, = =K 
,,I 1 - (n - m - 2)K2 + ... 
1 -(n-2)#‘?$... ’ 
1 - 
b, K”-“’ (m 
- 
2)K2 
+ ... 
= = 1 ’ - (n - )  + ... 
or imp/kit/y as functions of K by trigonometric functions 
sin(n - rn)e 
, 6, = ?&$, 
1 
a, = 
sin n 0 
K = - set 0. 
2 
(6.7) 
(6.8) 
Formulas (6.7) follow from (5.19) with the help of (6.6) and (6.5), while (6.8) are derived 
from (6.7) by using (6.1). 
7. THE FUNCTIONS a,, b,,, IN THE s-PLANE 
To obtain a,, b, as functions of s we can write (5.5) in the form 
P 
2 = P cash kd + XI?% Q sinh k&, (7.1) 
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and use this to eliminate 1/2~ from (6.7), or write (5.5) in the form 
P, cos 8 = P cash k& + 6 Q sinh k&, 
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(7.1’) 
and use this to eliminate 8 from (6.8), the functions P, Q being defined in (5.6). 
Since 1/2~ is an entire function of s, from (7.1) we see that a,, 6, are meromorphic 
functions of s from (6.7). The poles of a,,,, b,, in the s-plane play an important role in the 
sequel and to locate them we shall use (6.8). Because of (5.20) we may concentrate our 
attention on b,. Since b,, K in (6.8) are both even periodic functions of 0 of period 27r, 
it will be sufficient to consider the interval 0 ZZ 8 5 7~. Within this interval poles of b, 
can only occur when the denominator sin n0 vanishes, i.e., at the points 
1 
K, = 2 set 8,, q = O,l, . ..) n. 
n 
This fails if the numerator sin me vanishes simultaneously, the zeros of which are 
Bp=pf, p=O,l,..., m 
Now 0, = 0, if and only if 
4 P -=- 
n m’ 
p = 0,l ,...,m, q = 0, 1, . . . , n. 
Let d be the greatest common divisor of m, n so that 
m = ad, n = bd, 
where a, b are relatively prime. We have 
aq = bp. 
Clearly albp and, since a, b are relatively prime, alp. Thus f!Iq = OP only if 
p = ra, q=rb; r=O, l,..., d. 
Conversely for these values of p,9 we have el, = 13, = rldr. Thus we see that if d is the 
greatest common divisor of m, n the only zeros in the interval 0 S 0 I 7r common to sin 
me, sin no are the multiples of nl d. Thus the poles K, of b,, arise from those 8, which 
are not 0, nld, 2nld, . . . . n. 
Since d is also the greatest common divisor of n - m, n the same result applies to the 
poles of a, and we have 
LEMMA 7.1 The poles of a,,,, b, in the K-plane ure the points 
1 
K, = - set e,, 
2 
e,=q2#0,;,2; )..., 7r, q = 1, . . . . n-l. 
n 
where d is the greatest common divisor of m,n. 
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To determine the poles of a,, b, in the s-plane we place 8 = 8, in (7.1’) and write this 
equation in the form 
F(h,s)= Pcoshk&+&%Qsinh&- PocosOp=O, q= l,...,n--1, (7.2) 
where P, Q are, from (5.6), polynomials in iz, s. The roots of these equations are the 
poles of a,, b, and are obviously functions of h. 
First we treat the case h = 0, reserving the case h > 0 for later examination. Under 
this assumption P = P,, Q = Q,, from (5.6), and (7.2) can be put in the form 
o. cash k& + 4 sinh k& - CT~ cos 8, = 0, (7.2’) 
Let us set $ = d, introduce exponentials for the hyperbolic functions, and replace (7.2’) 
by 
(CT + ao)ezb - 2uo cos tip * e’;” - (a - co) = 0. (7.2”) 
We shall prove that all the roots of (7.2”) lie on the imaginary axis of the u-plane and 
thereby establish that all the roots of (7.2’), the poles of a,, b, when h = 0, lie on the 
negative real axis of the s-plane. 
In place of (7.2”) we write 
w = eke, (cr + a,)W2 - 2~7, c0S 8, * W - ((+ - ~7,) = 0, 
and regard the two equations as two transformations from the u-plane to the w-plane. 
The first transformation carries the imaginary axis of the u-plane into the unit circle 
(WI = 1 of the w-plane and the left (right) half-plane into the interior (exterior) of the unit 
circle Iw( = 1. 
If we could prove that the second transformation also carries the imaginary axis of the 
u-plane into the unit circle Jwj = 1 of the w-plane, but carries the left (right) half plane 
into the exterior (interior) of the unit circle (WI = 1, we could conclude that all roots of 
(7.2”) lie on the imaginary axis of the u-plane. 
To establish this property of the second transformation, we write it in the form 
w-cl ‘2 ( ) u--P ~ z&2--- cos 8, w - (Y-l u i p’ CY= 1 + sin 13,’ /I = u. sin t?,, (7.2”‘) 
wherelal -C l,p> OsinceO< O,< 7~. 
The transformation 
carries the imaginary axis of the u-plane into the unit circle jZ( = 1 of the Z-plane and 
the left (right) half-plane into the exterior (interior) of the unit circle jZ( = 1. 
The two-valued transformation 
carries the unit circle IZI = 1 of the Z-plane into the circle I WI = (aI of the W-plane and 
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1 r 
Fig. 2 
the interior (exterior) of the unit circle IZJ = 1 into the interior (exterior) of the circle 
’ Wke’$nsformation 
W= ;s, ’ IaJ < 1, 
carries the circle ) WJ = ICYI of the W-plane into the unit circle Jwj = 1 of the w-plane and 
the interior (exterior) of the circle (WI = (al into the interior (exterior) of the unit circle 
(WI = 1. 
Since the transformation (7.2”‘) is the product of the above three transformations, it 
has the desired property, and all the roots of (7.2”) accordingly lie on the imaginary axis 
of the v-plane. This completes the proof of 
THEOREM 7.1 When h = 0, the poles of a,, b, all lie on the negative real axis of the 
s-plune. 
To gain an idea of the location of the poles of a,,, b,, on the negative real axis of the 
s-plane when h = 0, let us place s = -q* in (7.2’) and write this equation in the form 
(+0 cos kq - sin k7j - (+0 cos 8, = 0. (7.3) 
For a given 8, this equation has infinitely many roots q,,O, Q,, , ..+ pictured in Fig. 2 as the 
abscissas of the points where the curve 
y = co cos kq - r) sin kq 
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is intersected by the line Y = crD cos 8,. Note that 
(7.4) 
Later on we shall need the residues of a,,, b, at their poles in the s-plane, i.e., at 
2 
SW = -%Jn r = 0, 1, . . . . (7.5) 
where qq,. are the roots of (7.3), and we now take up their determination. We consider 
only b, because of (5.20). 
Let us denote the residue of a function f = f(s) at a pole s, by p(fis,) and recall 121 
that ifAs) = A(s)/B(s) has a simple pole at so, 
Atso) 
AfPo)= - B’(s,)’ 
To compute the residues of b, at its poles sp, in the s-plane we note from (6.8) that 
b,=$f, A(s) = sin mtl, B(s) = sin no, (7.6) 
s 
where 8 is defined as a function of s by (7.1’). Placing /? = 0 in (7.1’) we obtain 
(T, cash k& + 4 sinh & - (T, cos 8 = 0, (7. I”) 
with u, defined in (7.2’). Differentiating B in (7.6) and 8 in (7.1”) with respect to s yields 
k cash k& + (ka, + 1) 
sinh k& 
B’(s) = nt9’ cos nfl, 8’ = - 4 
20, sin 6 
, ’ = d/ds. 
Eliminating 8’ from the first equation and placing 
e = oq, s = sq, = -q;,, 
we obtain 
Y(77 ,r) 
B’(sqr) = (-lJq+’ n -T-&j-, 
v 
where 
ko, + 1 sin kq 
Y(qqr) = $ cos kqqr + ___ ---=. 
n 20, rlw 
If (7.3), with 7) = qq,. is used to eliminate qqr from (7.7), this equation yields 
Y(TPl-) = 
ko,(l - cos 8, cos kvq,) + sin* kvqr 
2o$(cos kqqr - cos 0,) * 
(7.7) 
(7.7’) 
Since 
we have 
the latter equation 
see that 
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A(s,,.) = sin me,, 
p(b,;s,) = (-,),+I 
sin 0, sin m0, 
n Y(7),,) ’ 
P(an,;sQJ = (- l)Q+1 
sin 8, sin(n - m)OQ 
nY(rl*,) ’ 
(7.8) 
arising from (5.20). From (7.7’) and the values of 8, in Lemma 7.1 we 
1 Y(q,,.)l B $ sit? c, (7.9) 
0 
and therefore that 
(7.10) 
We turn to the 
we have already 
-g&.(h) and prove 
poles of an,, b, for h # 0. These are the roots of (7.2) and are, as 
pointed out, functions of h. Let us designate them by s,,.(h) = 
LEMMA 7.2. The poles of a,,,, 6, in the s-plane for h # 0 are real, analytic functions 
s,,(h) of h for sufficiently small h which, as h tends to zero, approach the poles sQ, of 
a,,,, b, on the negative real axis of the s-plane for h = 0, i.e., 
Lim +(h) = sQ,., 
h+O 
or f;iy v,,(h) = rlQr. 
According to the fundamental theorem on implicit analytic functions [3], since F(h,s) 
in (7.2) is a power series in positive integral powers of h, s with real coefficients, the 
lemma will be established once we have shown that 
F,(OJ,,) # 0, &J, = -&. 
Differentiating (7.2) with respect to s and observing from (5.6) that 
(7.11) 
I = P,, Q(O,s) = Q,, q,(O,s) = 0, Q,@,.s) = 0, 
we find, after placing h = 0, s = -IJ$ 
(7.12) 
F,(O,-$I4 = P,Y(“rlp,). 
from which (7.11) holds, because of (7.9) and the lemma is accordingly established. 
Let us see how the computation of the residues of b, at its poles in the s-plane must 
be modified for /I # 0. One finds from (7.6) and (7.1’) 
(NzQ + 2P,) cash k-x& + (kP + x6Q + 2~5sQ,) 
sinh ku% 
B'(s) = ntl' cos ne, 0' = - 4 
2P, sin 0 
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Placing 8 = ep, S = s,,(h) = -77$(k), we obtain 
where 
Y(h,q,,(h)) = ti(,+ 2p8 cos krJ&h) 
0 
+ 
kP + GQ - 2firjLgdh)Q~ sin t&(h) 
2Po %(h) ’ 
and consequently 
dbn;s,(h)) = (- l)q+J 
sin 0, sin me, 
nY(knm(h)) ’ 
p(a,;+(h)) = (_ 1)4+1 ‘ln ‘Q St’ cn - m)O,, 
n Y(h,r),(h)) 
(7.13) 
(7.14) 
From (5.6) we see that P, Q tend to I’,, QO, respectively, and P,, Qs tend to zero as 
h approaches 0. Comparing (7.7) with (7.13) and recalling that q,,.(h) tends to var as 11 
approaches 0, we see that 
and therefore 
In view of (7.10) these limiting relations imply the following inequalities 
jp(a,;s,(h))j S 2 csc” ;, IP(bm;sdh))l s 2 cscz $ (7.16) 
(7.15) 
valid for sufficiently small h. 
Next we study the behavior of a,, 0, as s becomes infinite for any h. From the explicit 
expression (4.7) of 6, in terms of K we can determine the behavior of 6, from the 
behavior of K as s becomes infinite. 
Multiplying numerator and denominator of K in (5.5) by e-“vs/GQ yields 
K= 
p e-kvs 
* 
= K(S). 
‘“’ cash k’& + eekvS sinh I& 
I 
(7.17) 
Clearly 
and since 
we have 
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e-!-‘“’ cash k& = i (1 + e- Zh’VS), e_h’V~ sinh ~ = f (1 _ e--2PVS), (7.18) 
Je--2/;VS~ = e-2h” 4 cos -, 
2 
s = r eim. (7.19) 
Lim e+‘” cash k& = i, Lim eFkVs inh I& = f, 0 5 \r#Jl< (Y < V. (7.20) 
s+= /--Kz 
Since P, Q are both polynomials of degree 3 in s, from (5.6) 
FlF -& = 0, (7.21) 
and the denominator of K in (7.17) approaches 1 as s --, m in the region 0 5 141 < cx -C 7~ 
in view of (7.19). Therefore since 
pee-W 
m = O(s-‘“), s + =, 
we see that 
K = O(S-“), S + 03, 0 s (4) < (II < 7T’. (7.22) 
We can, however, extend the order relation (7.22) to the angular range 0 5 J+i( 5 7~ by 
requiring that s tend to infinity on the circles (sJ = (n + $5)‘~~ lk2 n = 1, 2, . . . . This will 
be established by showing that the denominator of K in (7.17) on these circles is bounded 
away from0 as n + =. 
First, from (7.18), (7.19) 
and therefore from (7.21) the first term in the denominator of K approaches 0 as s + Q). 
To handle the second term, note that on ;he above circles 
Let 
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so that 
As 4 ranges from 0 to 7~ the point Z = R ei’ traces out the spiral in Fig. 3 moving outward 
upon it clockwise from the innermost point and reaching the outermost point - 1 after n 
+ M revolutions. As 4 ranges from 0 to -7~, the point Z traces out the reflection in the 
horizontal axis of this spiral in the counterclockwise sense. 
Clearly the portion of the spiral in the right half plane is contained within the circle R 
= R, where R,, the value of R when Cp = -(2n + M)T, is easily seen to be 
R n = e-n&tl + 314 
and since 
Lim R, = 0, 
?z-+= 
we see from (7.18) that the second term in the denominator of K is bounded away from 
0 as n + m.* 
We sum up our results in 
LEMMA 7.3. For any h the order relation 
K = o(S-‘“), S --, m, (7.24) 
holds in the sector 0 _I )I$) -C o! < 7~ of the s-plane for arbitrary CY, and upon the circles 
Isl=(n+~)‘$, n= 1,2 ,..., 
Fig. 3. 
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Since the fraction in the expression (6.7) for b, tends to 1 as K approaches 0, we see 
that 
b, = O(K”-“I), K + 0, 
and therefore, in view of the above lemma and (5.20) we have 
THEOREM 7.2. For any h the order relations 
a, = O(S-‘~“‘), b, = O(.S-‘~(“-“~)), s + 03, m = 1, . . . . n-l, (7.25) 
hold in the sector 0 d )+I < (Y < ?r of the s-plane for arbitrary 
,s,=(n+gz$ n = 1, 2, . . . . 
a, and upon the circles 
(7.26) 
8. CONCENTRATIONS IN THE WALLS 
As in most investigations employing Laplace transforms we face the problem of the 
inverse Laplace transform, i.e., the determination of the actual concentration IV, in the 
mth wall from the Laplace concentration w,. From the theory of the Laplace transform 
121 we know that, given a function j(s) of the complex variable s = x + iy , if j(s) is analytic 
in some half plane x 2 h, 
(8.1) 
yields a function F(f) whose Laplace transform is As), provided 
j(s) = O(s-‘), X zz x,, s + 00, 1 > 1. (8.2) 
Furthermore F(r) is continuous for t Zz 0 and F(0) = 0. 
If in addition j(s) is analytic in the finite s-plane except for poles s,, sz, . . . confined to 
some half plane x < y, the function F(t) may be represented as a series of residues 
(8.3) 
provided 
Lim 
I 
e”lj(s)ds = 0, (8.4) 
I*- r, 
where {T,} is a sequence of curves lying in the half-plane x zz y connecting the points 
y 2 i& with Lim P,, = +m. The curve Tn, together with the segment -& s y i & of 
the line x = y, encloses finite many of the poles sl, s2, . . . and expands to infinity as 
n + co. 
162 M. H. MARTIN 
We take up Problem I in which the outside concentrations C,,, C,, are constant so that 
the outside Laplace concentrations w,, w,, are 
co C 4n 
w, = -, w, = -, 
S s 
and consequently, from (5.18), 
(8.5) 
If we let F,(r), G,(r) denote the inverse Laplace transform off,Js), gm(s), respectively, 
and W,(f) the concentration in the mth wall, we find from (8.5) that 
WAG = W,(O + G,G,(O, (8.6) 
in which, of course, 
F,(t) = G,-,(t), (8.7) 
because of (5.20). 
Concentrating our attention on the determination of G,,,(r), from Lemma 7.2 we see 
that all the poles of the meromorphic function g&s) lie on the ray x S 0, y = 0 for 
sufficiently small h. Clearly we may take X, in the validity condition for (8.1) to be any 
positive constant and then verify that the order relation (8.2) is fulfilled by placing rr = 
n/2 in Theorem 7.2. 
The validity of (8.1) for As) = g,(s) having been established, we now justify the 
expansion (8.3). To do this we exhibit a sequence of curves rn for which (8.4) holds for 
f(s) = gm(s). For r, we take the circular arc 
,s,=r=(n+;)*;, xsy,
of the circle (7.26) in Theorem 7.2. From (8.5) and Theorem 7.2 we see that positive 
constants K, R exist such that on r, 
(ePfgm(s)I < y, r > R, 
and therefore that 
so that (8.4) holds. 
The expansion 
is accordingly justified for sufficiently small h. To compute the terms in this expansion 
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we note from the definition of g,(s) in (8.5) that the poles of g,,Js) are s = 0 and the poles 
s,,(h) = -rl&(h) of b”,. 
From (7.1’) and (5.6) we see that s = 0 implies 8 = 0. Therefore, from the definition 
of gm(s) in (8.5) and the trigonometric expression for b, in (6.8) we find 
p(gm;O) = J-Y 
n 
Consequently the expansion (8.8) may, in view of Lemma 7.1, be replaced by 
(8.9) 
q #pi, P = 0, . . . . 4 
where d is the greatest common divisor of m, n and p(b,;s,(h)) is obtained from 
(7.14). Clearly from (8.9), (5.20) we may write 
u--1 I 
F,,,(t) = 7 - c c P(4n;%rch)) ,+,,,,, , 
q=1 r=o rl$W 
(8.9’) 
qfp;. p=O,...,d, 
with p(a,+ s,,(h)) obtained from (7.14). 
When t 2 0 the absolute value of a typical term in either (8.9) or (8.9’), from (7.16), 
does not exceed 
4a,csd2; , 
.- 
kn q%(h) 
(8.10) 
provided h is sufficiently small. Let us recall that T&/I) are the roots of the equation 
P cos kr) - X& Q sin kq - P, cos 8, = 0, 19~ = q I, (8.11) 
n 
obtained by placing s = -n* in (7.2) and write this equation in the form 
sin kr) = 
P cos kq - P, cos 0, 
d&Q ’ 
Given any E > 0, however small, there exists an N = N(E) such that the absolute value 
of the second member of this equation is less than E for 7 > N. Consequently if 7 > N, 
the roots of (8.11) will differ from multiples of n/k by less than 6, where F = 6(e) is a 
small positive number which tends to 0 with E. Clearly the terms in the series 
io&i7 q = 1, . . . . n-l, 
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are ultimately less than those of the convergent series 
Thus the infinite series in (8.9), (8.9’) converge uniformly in the region 
(8.12) 
provided h, is sufficiently small, by the Weierstrass M-test. The functions F,,, G,, are 
accordingly continuous functions of t and of the parameter /z which vanish when t = 0 
according to the general theory of the inverse Laplace transform as outlined at the start 
of this section. 
We summarize our results in 
THEOREM 8.1. When the oatside concentrations C,, C,, are constant, the concentra- 
tion W, in the mth ~~111 is given by (8.6) in which the Jknctions F,, G, oj‘t and the 
parameter h dqfined by (8.9), (8.9’) are continuous functions qf t, h in the iliter\‘al 
(8.12). The residaes p(a,;s.Jh)), p(b,;s,,(h)) in these expansions are dqfined in (7.13), 
(7.14), in which q,,(h) are the roots of (8.11). 
Note that from (8.6) and (8.9), (8.9’) that 
Lim W, = n--)71 c, + Ilt c,,,, 
,+cC n n 
I.e., W, approaches a weighted mean of the outside concentrations C,, C,,, as t becomes 
infinite. 
The calculation of the terms in the expansions F,, G,, is not an easy task. Since F,,,, 
G, are continuous functions of II for sufficiently small h one can approximate them for 
small h by taking II = 0. This lightens the calculations and we collect all the formulas 
needed to obtain this approximation in. 
THEOREM 8.1’. When h = 0 and the outside concentrations C,, C,, are constant, the 
concentration W, in the mth ~.a11 is given /,y 
Wm = C,Fm + c,,,Gm, 
where 
11-I r 
F,,, = 
61~ = 4; #p:, p = 0, . . . . d, 
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in w,hich d is the greatest common divisor of m, n, with 
and qq,. are the roots of 
IT,, cos kr) - 7) sin kT - u,, cos 0, = 0, 
pictured in Fig. 2. 
The formulas for F,, G, in this theorem arise from (8.9), (8.9’) for h = 0 when (7.8) 
is used to replace the residues P(am;sqr), p(b,; sqr) .
We now consider Problem II in which C, is a positive constant for 0 5 f d t, and 0 
thereafter, with CqR constant. One finds 
CO 
w, = ,(l - e-‘G), w, = C,,. 
s 
(8.12) 
From the theory of the Laplace transform [2] we know that if F(t) is the inverse Laplace 
transform of f(s), the inverse Laplace transform of e-‘@f(s) is the function F(t; t,) defined 
by 
F(r;t,) = 0 for 0 5 t S t,, F(t;t,) = F(r - to) t > 1,. 
Substituting for wO, w, from (8.12) into (5.18) we see that (8.5) is replaced by 
Fig. 4. 
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and therefore, if we designate the actual concentration in the mth wall by Wm(f;r,), we 
obtain 
Wndct,) = Wm(t) - C,F,(t;d. (8.13) 
The significance of our results, and the interrelation between the two problems is best 
explained qualitatively by Fig. 4 in which we assume C, > C,,. 
In Problem I the concentration W, starts from 0 and tends asymptotically, as shown 
by the dotted curve, towards the limiting concentration n- mln C, + ml n C4n. 
In Problem II the concentration W, again starts from 0 and rises unchanged from 
Problem I until t, seconds elapse and thereafter tends, as shown by the full curve, 
asymptotically towards the limiting concentration m/n C,,. 
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